Modal stability analysis provides information about the long-time growth or decay of small-amplitude perturbations around a steady-state solution of a dynamical system. In fluid flows, exponentially growing perturbations can initiate departure from laminar flow and trigger transition to turbulence. Although flow of a Newtonian fluid through a pipe is linearly stable for very large values of the Reynolds number (Re ∼ 10 7 ), a transition to turbulence often occurs for Re as low as 1500. When a dilute polymer solution is used in the place of a Newtonian fluid, the transitional value of the Reynolds number decreases even further. Using the spectral collocation method and Oldroyd-B constitutive equation, Garg et al. (Phys. Rev. Lett. 121:024502, 2018) claimed that such a transition in viscoelastic fluids is related to linear instability. Since differential matrices in the collocation method become ill-conditioned when a large number of basis functions is used, we revisit this problem using the well-conditioned spectral integration method. We show modal stability of viscoelastic pipe flow for a broad range of fluid elasticities and polymer concentrations, including cases considered by Garg et al. Similarly, we find that plane Poiseuille flow is linearly stable for cases where Garg et al. report instability. In both channel and pipe flows, we establish the existence of spurious modes that diverge slowly with finer discretization and demonstrate that these can be mistaken for grid-independent modes if the discretization is not fine enough.
Introduction
Modal stability analysis quantifies the long-time growth (linearly unstable) or decay (locally asymptotically stable) of small-amplitude perturbations in a dynamical system. When the system describes a fluid flow, a growing perturbation can trigger nonlinear flow states that may lead to a transition to turbulence.
Pressure-driven flow of a Newtonian fluid through a pipe is linearly stable at least up to a Reynolds number of ∼ 10 7 [31] . However, a transition to turbulence can occur for a Reynolds number as low as 1500 [8, 22, 37, 47] . In wall-bounded shear flows, transition in the absence of modal instability is typically attributed to nonmodal amplification of disturbances which can induce large transient responses [6] , high amplification of background disturbances [23] , and large sensitivity to modeling imperfections [46] . This high sensitivity of the governing dynamics can trigger departure from laminar flow and initiate bypass transition to turbulence [38] [39] [40] 45] .
A turbulent flow state can be triggered at Reynolds numbers well below 1500 by adding small quantities of polymer to a Newtonian fluid. This phenomenon in dilute polymer solutions is termed as early turbulence [10, 13, 16, 17] . Once in the turbulent flow state, dilute polymer solutions exhibit another intriguing phenomenon: For a given pressure drop, the flow rate of the dilute polymer solution is much larger than that of the pure solvent [29, 44] . This can be used to reduce pumping costs required to transport fluids over large distances [5] .
Viscoelastic pipe-flow experiments showed that a transition to early turbulence requires a sufficiently large wall-shear stress in addition to significant inertia [17] . In the same reference, a linear stability analysis of an upper convected Maxwell (UCM) model was used to demonstrate that, for a given Reynolds number, introducing viscoelasticity brings the system closer to becoming linearly unstable. Based on this observation, the authors of [17] concluded that early turbulence is related to linear instability, but no evidence of exponentially growing modes was provided. To the best of our knowledge, until the recent work of Garg et al. [12] , no other studies reported linear stability analysis of viscoelastic pipe flow.
Experimental observations of transition to turbulence at Reynolds numbers well below 1500 in pipe flows of dilute polymer solutions [10, 13, 16, 17] (early turbulence) motivated Garg et al. [12] to reconsider the linear stability problem using the Oldroyd-B constitutive equation and two numerical schemes, the spectral collocation method and the shooting method. They sought to determine if there exists a moderate critical Reynolds number above which pipe flow of a dilute polymer solution is linearly unstable. If a linear instability were to exist for a dilute polymer solution, it could play an important role in the initial stages of transition to early turbulence. Garg et al. [12] reported that viscoelastic pipe flow is linearly unstable at Reynolds numbers as low as 800. They also reported that a similar instability exists in viscoelastic plane Poiseuille flow at a Reynolds number of 350 [12] .
Although in general the accuracy of a spectral method should increase with the number of basis functions, above a critical number a conventional spectral collocation method yields illconditioned differentiation matrices and produces erroneous results [4] . In [27] , the response of plane Couette flow of a viscoelastic fluid to sinusoidal body forces was studied, and it was demonstrated that the conventional spectral collocation method produces erroneous results when the number of basis functions exceeds 150. This ill-conditioning is a key limitation of the first numerical method used in [12] , where 200 to 400 basis functions were used in the spectral collocation method.
The second method used in [12] , i.e., the shooting method, is limited to solving for individual eigenvalues. A true eigenvalue converges with a finer discretization, whereas a spurious eigenvalue does not converge. As the shooting method uses a marching process to compute individual eigenvalues, its accuracy depends on the selected step size. Calculations with the shooting method therefore become more expensive with a smaller step size, and even then it allows marching toward only one eigenvalue at a time [19] . If a spurious mode were to diverge slowly with a decrease in the step size, a spurious mode could be mistaken to be a true mode even though the step size is sufficiently fine.
In contrast to a shooting method, spectral methods (e.g., the first method used in [12] ) can identify more than one spurious mode (which is quite common in linear stability analysis of viscoelastic channel flows [19, 36] ). The nature of these spurious modes can aid in distinguishing them from true modes, e.g., where they occur and how they diverge with a finer discretization [36] . Performing this task via a spectral method requires a sufficiently large number of basis functions. However, since the conventional spectral method used in [12] becomes unreliable when the number of basis functions becomes too large, it cannot be employed to confidently identify spurious modes.
Recently developed spectral methods [9, 34] inherit desirable features of conventional spectral methods (i.e., rapid improvement in the accuracy with an increase in the number of basis functions) and alleviate the problem of ill-conditioning. While the condition number of a matrix approximation of an mth order differential operator in conventional spectral methods increases as O(N 2m ) with the number of basis functions N [4, 9] , the condition number remains constant for an arbitrary number of basis functions in well-conditioned spectral methods [9] .
We use a well-conditioned spectral integration method to establish modal stability of viscoelastic pipe and channel flows over a broad range of fluid elasticities and polymer concentrations. Our result invalidates recent claims made in [12] about linear instability of these flows. For both geometries, we identify a large number of spurious modes that appear as a part of the calculation. These modes change slowly as the number of basis functions increases and they can be mistakenly labeled as grid-independent. Well-conditioned spectral methods can be leveraged in this problem because they allow the use of a large number of basis functions without errors associated with ill-conditioned discretization matrices.
Spurious modes in linear stability analysis of viscoelastic channel flows have been reported by Ho and Denn [19] and Renardy and Renardy [36] . In [36] , many discrete spurious modes in plane Couette flow of a UCM fluid were identified. In particular, it was shown that the imaginary parts of these modes grow with an increase in the number of basis functions. To the best of our knowledge, similar studies have not been reported on plane Poiseuille flow. We thus revisit this problem, confirm observations made in [36] , and characterize its linear stability. As we increase the number of basis functions, the number of discrete spurious modes in plane Poiseuille flow increases and their real parts become larger. Viscoelastic pipe flow also has spurious modes which increase in number and develop larger real and imaginary parts with a finer discretization.
Our presentation is organized as follows. In Section 2, we present the governing equations. In Section 3, we discuss the well-conditioned spectral integration method. In Section 4, we reproduce results from previous works to validate our implementation of the spectral 3 integration method. In Section 5, we study modal stability of plane Couette and Poiseuille flows, and in Section 6, we conduct linear stability analysis of pipe flow. In Section 7, we summarize our results and offer concluding remarks.
Governing equations
We study an Oldroyd-B fluid of density ρ, relaxation time λ p , effective shear viscosity η T , and solvent viscosity η s , flowing between two infinite parallel plates with a half-channel width h, or a pipe of a circular cross-section with radius h. Scaling length by h, velocity by the centerline velocity U 0 , time by the convective time scale h/U 0 , and pressure by η T U 0 /h leads to three non-dimensional groups: the viscosity ratio, β = η s /η T , the Weissenberg number, We = λ p U 0 /h, and the Reynolds number, Re = hρU 0 /η T . From a physical perspective, β gives a measure of the solvent contribution to the momentum diffusion, We gives the ratio of the fluid relaxation time to the convective time scale, and Re gives the ratio of the convective time scale to the momentum diffusion time scale.
The linearized momentum and continuity equations are given by
where v, τ , and p are the velocity, polymer stress, and pressure fluctuations about the basestate velocity V , polymer stress T , and pressure P . The equation governing the dynamics of the stress fluctuation is given by
In Cartesian coordinates, the velocity fluctuation vector is given by v = u e x + v e y + w e z , where e x , e y , and e z are unit vectors in the streamwise, wall-normal, and spanwise directions. In cylindrical coordinates, the velocity fluctuation vector is given by v = u e r + v e θ + w e z , where e r , e θ , and e z are unit vectors in the radial, azimuthal, and streamwise directions. The base-state velocity V for channel flow is given by V = U (y) e x , where U (y) = 1 − y 2 for plane Poiseuille flow, and U (y) = y for plane Couette flow. The base-state velocity for pipe flow is given by V = W (r) e z , where W (r) = 1 − r 2 . In channel flow, the nonzero components of the base-state polymer stress, T , are given by T xx = 2 We (U (y)) 2 , T xy = T yx = U (y). In pipe flow, the non-zero components of the base-state polymer stress are given by T zz = 2 We (W (r)) 2 , T rz = T zr = W (r). In these expressions, the prime signifies derivatives with respect to the wall-normal coordinates y and r. System (2.1) reverts to a Newtonian fluid when β = 1, or in the limit We → 0. A UCM fluid can be recovered from (2.1) by setting β = 0. The inertialess limit can be obtained by setting Re = 0.
Owing to translational invariance in the wall-parallel directions and in time, we can use a standard normal-mode decomposition of the flow variables [40] . For example, in Cartesian coordinates, we can represent the velocity fluctuation vector as v(x, y, z, t) = v(y) exp (ik x x + ik z z + λt) , (2.2) and similarly for stress, τ , and pressure, p, fluctuations. Here, i is the imaginary unit, k x and k z are streamwise and spanwise wavenumbers, and λ is the eigenvalue. System (2.1) is linearly unstable if for any k x , k z ∈ R, there exists λ ∈ C such that Re(λ) > 0, where R and C represent the sets of all real and complex numbers with Re(·) and Im(·) denoting the real and imaginary parts of a complex number, respectively. Similarly, in cylindrical coordinates, we have [40] v(z, r,
where k z and k θ are the streamwise and azimuthal wavenumbers. System (2.1) is linearly unstable if for any k z ∈ R and k θ ∈ Z, there exists λ ∈ C such that Re(λ) > 0, where Z represents the set of all integers. For channel flow in Cartesian coordinates, boundary conditions come from no-slip and no-penetration of the velocity at the channel walls,
For pipe flow in cylindrical coordinates, boundary conditions come from no-slip and nopenetration at the wall,
and vanishing azimuthal dependence of the velocity at the pipe center, lim r→0 ∂ θ v = 0. [26, 40] . The boundary conditions at the pipe center are different for k θ = 0, k θ = 1, and k θ > 1 [26, 40] . In this paper, we confine our attention to k θ = 0, and the boundary conditions for this case are given by [26, Eq. (27a) ],
4c)
There are no boundary conditions on the stress as all y-derivatives that appear in (2.1c) on the stress are a part of the upper-convected time derivative [2] , which has no associated boundary conditions.
Numerical method
In Cartesian coordinates, substitution of (2.2) into (2.1) yields a generalized eigenvalue problem,
where A and B are block matrix differential operators in y, ψ = [ v T p τ T ] T , and κ = (k x , k z ). The elements in the block-matrix operators A and B are given in Appendix A.
Similarly, in cylindrical coordinates, substitution of (2.3) into (2.1) gives
where A and B are block matrix differential operators in r and κ = (k θ , k z ). We discretize the operators A and B in (3.1) using the Chebyshev spectral integration method for differential equations with variable coefficients. In this method, the highest derivatives of all variables in (3.1) are expressed in a basis of Chebyshev polynomials [9] . For example, the highest derivative of u in (3.1) is of second order, hence the second derivative of u is expressed as
where a u n are unknown coefficients to be solved for, T n (y) is the nth Chebyshev polynomial of the first kind, and denotes a summation whose first term is halved (this convention is commonly used in a Chebyshev basis [4, 15] ). Note that the number of basis functions in (3.2a) is N + 1.
Expressions for lower derivatives in (3.1) are derived using the recurrence relation for the integration of Chebyshev polynomials [15] ,
where C u 0 is a constant of integration and
The constants of integration can be computed using the boundary conditions. Note that (2.1) is a system of differential equations with non-constant coefficients, and (3.2) only provides expressions that can be used with differential equations with constant coefficients. We refer the reader to [9, 34] for the procedure to account for non-constant coefficients. The process of spectral integration results in accruing constants of integration, as in (3.2b). The constants of integration obtained by integrating velocity can be computed using velocity boundary conditions in (2.4). However, there are no equations that can account for constants of integration obtained by integrating pressure and stress fluctuations. The gradient operator on τ in (2.1c) results in the derivative operator (∂ y in Cartesian and ∂ r in cylindrical coordinates) acting on the stress. In addition, there is a derivative operator acting on the pressure due to the gradient operator in (2.1a). For the number of equations to be equal to the number of unknowns, we need additional boundary constraints that can account for the constants of integration that appear as a consequence of integrating pressure and stress fluctuations.
We now discuss how we derive additional constraints to account for the constants of integration coming from integrating the pressure and the stress. Note that it is not necessary to specify boundary conditions on pressure to determine the constants of integration that result from integration of pressure fluctuations. Instead, additional constraints on other variables, e.g., velocity fluctuations, can be employed. In Cartesian coordinates, velocity boundary conditions (2.4a) in conjunction with the continuity equation, ik x u(y) + v (y) + ik z w(y) = 0, can be used to obtain two additional linearly independent constraints,
Furthermore, the normal-mode decomposition (2.2) in conjunction with the equation for the stress component τ yy in (2.1c) yield
We v (y). Similarly, the normal-mode decomposition (2.2) of the equation for τ zz in (2.1c) yields Note that these boundary conditions on the stress in (3.5) and (3.7) come directly from the velocity boundary conditions. A similar process to derive linearly independent constraints to make a spectral method well-posed was used by Khorrami in pipe-flow linear stability calculations [26] . In summary, we employ the following boundary conditions in Cartesian coordinates,
A similar procedure can be applied to derive stress boundary conditions via velocity boundary conditions (2.4c) and (2.4b) in pipe flow. For k θ = 0, these boundary conditions are given by
The process of spectral integration (3.2) is applied to system (2.1) and its boundary 7 conditions ((3.8) and (3.9) in Cartesian and cylindrical coordinates, respectively) to bring the operator eigenvalue problem in (3.1) to a matrix generalized eigenvalue problem,
where matrices A and B are the discretized versions of operators A and B in (3.1) and the matrix C contains information about the discretized boundary conditions. The vector ψ contains the unknown coefficients in the highest derivatives (e.g., a u for the variable u in (3.2a)) as well as the constants of integration. As (3.8) and (3.9), which account for boundary conditions, do not have an eigenvalue, we pad zeros in the matrix on the right-hand side of (3.10). We note that solving such a generalized eigenvalue problem with padded zeros can produce spurious eigenvalues [3, 7, 11, 30] . Procedures to alleviate this issue in linear stability analysis of Newtonian channel flows can be found in [3, 7, 11, 30] . In Appendix B, we generalize the method described in [11, page 142, Eqs. (2.24)-(2.27)] and provide a unified approach to alleviate zero padding in (3.10) for Newtonian and viscoelastic channel and pipe flows. This method eliminates certain integration constants or spectral coefficients (e.g., a u i for the variable u in (3.2a)) from ψ by using the boundary-condition matrix C in (3.10). As described in Appendix B, this yields a matrix generalized eigenvalue problem of the form
where A 2 and B 2 are square matrices and ϕ contains unknown spectral coefficients and integration constants that have not been eliminated in the process of alleviating the zero padding in (3.10). We use LAPACK's ggev routine [1] to solve generalized eigenvalue problem (3.11) . This routine is based on the QZ algorithm [32] and all codes are written in C++.
Validation
In this section, we repeat selected calculations from previous works to validate our implementation of the spectral integration method. Throughout this paper, we do not filter any eigenvalue, even if it is spurious, and we often plot eigenvalues for two or three different values of N , marked by a different symbol for each N . True discrete modes can be recognized as the ones that converge with an increase in N , and the spurious discrete modes can be recognized as the ones that diverge with an increase in N . The continuous spectrum can be identified as a continuum of symbols, and its resolution improves with an increase in N . Figure 1a shows the spectrum of axisymmetric pipe flow of a Newtonian fluid with k z = 1 and Re = 2000 with N = 127. The eigenvalues computed using spectral integration method agree, up to the last decimal, with the first twenty eigenvalues reported in [40, Table A.3] . Figure 1b shows the spectrum of 2D plane Couette flow of an inertialess UCM fluid with We = 2 and k x = 1. Gorodtsov and Leonov [14] derived an analytical solution for this problem, which consists of a continuous spectrum λ = −1/We − ik x y, and two discrete modes λ = −0.378428 ± 0.775777i. These discrete modes are marked by the dashed arrows in Figure 1b and they match the analytical solution [14] . The peanut-like shape in Figure 1b is the discrete approximation of the continuous spectrum. We see that the real part of the continuous spectrum in Figure 1b gets closer to the analytical value of −1/We = −0.5 with an increase in N (from 127 to 255).
In Figure 1c we consider a case from a work by Sureshkumar and Beris, Figure 2 in [42] . Figure 1c shows eigenvalues of 2D plane Poiseuille flow of an Oldroyd-B fluid with We = 2.31, Re = 2310, β = 0.5, and k x = 1.31. As discussed in [42] , there are two continuous spectra for this case. The first lies near −1/We = −0.43 and the second lies near −1/(β We) = −0.89. The oval shape near Re(λ) ≈ −0.5 is the first continuous spectrum, and the nearly vertical line of eigenvalues near Re(λ) ≈ −1 is the second. Apart from these continuous spectra, there are many discrete eigenvalues with Re(λ) ∈ [−2, 0) which are grid-independent. Eigenvalues computed using spectral integration in Figure 1c are in agreement with [42] for N = 127 and N = 255. In addition, for 3D plane Poiseuille flow of an Oldroyd-B fluid with We = 3.96, Re = 3960, β = 0.5, k x = 1.15, and k z = 0, our numerical scheme correctly reproduces the critical eigenvalue 1.98881 × 10 −7 + 0.3409i; see Table 1 in [48] .
Viscoelastic plane Couette and Poiseuille flows
In this section, we conduct modal analysis of viscoelastic plane Couette and Poiseuille flows and characterize the behavior of spurious modes. Since Squire's theorem implies that a 2D disturbance (with k z = 0) at a given Reynolds number is more unstable than a 3D disturbance (with k z = 0) [36, 42, 43] , we restrict our attention to a two-dimensional channel flow of an Oldroyd-B fluid.
In the linear stability problem for plane Couette flow of a UCM fluid, spurious eigenvalues were observed [36] . The imaginary parts of these eigenvalues grow with an increase in the number of basis functions, and to the best of our knowledge, similar studies on the nature of spurious modes have not been reported for plane Poiseuille flow. We thus revisit this problem and compare and contrast the nature of spurious modes in plane Couette and Poiseuille flows. In § 6, we demonstrate that discrete spurious modes in pipe flow exhibit similar attributes.
Most previous studies were restricted to lower Weissenberg numbers (of ∼ 100) [36, 42, 48] . Garg et al. [12] recently examined viscoelastic plane Poiseuille flow with We = 250 and claimed the lack of linear stability. For this high value of the Weissenberg number, we use 2048 basis functions to sufficiently resolve spectrum and, contrary to the claim made in [12] , we demonstrate linear stability of plane Poiseuille flow in this case. Figure 2 shows the spectrum of 2D plane Couette flow of a UCM fluid with We = 20, Re = 1, and k x = 1. Our results agree quantitatively with Table 2 in [36] . In Figure 2 , all three panels show the spectrum for this case, but at different locations. In Figure 2a , we observe that the range of the y-axis is from −1000 to 1000 and the x-axis focuses near x = −0.025; this gives the broad view of the spectrum to clearly distinguish spurious modes. The discrete spurious eigenvalues with large imaginary parts come in two branches, one spreading upward (marked by A) and another downward (marked by B). These eigenvalues are spurious as they do not converge with a finer discretization. Figure 2b gives a closer look at the central part of Figure 2a , with the y-axis ranging from −40 to 40. As discussed in [35, 36] and seen in Figure 2b , a large number of eigenvalues are located at Re(λ) = −1/(2We) = −0.025. The continuous spectrum is located near x = −1/We = −0.05, and is thus out of scope in Figures 2a and 2b , but is shown in Figure 2c . Similar to the inertialess case in Figure 1c , the real part of the continuous spectrum approaches the value −1/We = −0.05 with an increase in N .
In summary, the spectrum of plane Couette flow consists of the continuous spectrum near −1/We, discrete modes near −1/(2We), and two branches of spurious modes that diverge with increasing imaginary parts with an increase in the number of basis functions. Figure 3 shows the spectrum of plane Poiseuille flow of a UCM fluid for the same parameters as plane Couette flow considered in Figure 2 , i.e., We = 20, Re = 1, and k x = 1. All three panels in Figure 3 show the spectrum for this case at different locations. In Figure 3c focuses on the continuous spectrum, which is located near x = −1/We = −0.05 and is out of scope Figure 2b , a large number of eigenvalues are located near −1/(2We) (Figure 3b ). However, there is a difference in the nature of the discrete spurious modes in plane Couette flow, Figure 2a , and plane Poiseuille flow, Figure 3a . As discussed in [36] and confirmed in Figure 2a , the discrete spurious modes in plane Couette flow increase in number with an increase in N and develop larger imaginary parts. With a finer discretization, the discrete modes in branches A and B are, respectively, characterized by an increase in positive and negative imaginary parts. However, in plane Poiseuille flow, the discrete spurious modes spread along the real axis; see Figure 3a . With a finer discretization, the discrete modes in branches A and B are, respectively, characterized by an increase in positive and negative real parts.
The common features of discrete spurious modes observed in Figures 2a and 3a are: (a) They do not converge with a finer discretization; (b) they increase in number with a finer discretization; and (c) they are a part of a branch of spurious modes that can be visualized distinctly from a broad view, as in Figure 2a and Figure 3a . As we demonstrate in § 6, spurious modes in pipe flow also share these characteristics.
As discussed in [36] , there is an additional set of spurious modes that is associated with the continuous spectrum. Since the continuous spectrum is centered around Re(λ) = −1/We, for large enough values of the Weissenberg number the bloated approximation to the continuous spectrum (as in Figure 2c and Figure 3c ) can cross over to the right-half of the complex plane when an insufficient number of basis functions is used.
In Figure 4 , we consider plane Poiseuille flow of an Oldroyd-B fluid with We = 50, Re = 50, β = 0.5, and k x = 10. Results obtained using 511, 1023, and 2047 basis functions are, respectively, shown in Figures 4a, 4b , and 4c. For N = 511, the continuous spectrum crosses over to the unstable region. However, by increasing the number of basis functions to 1024 and 2048, the continuous spectrum is well within the left-half of the complex plane. In Figure 4b , the two inner thin lines denote a continuum of points marked by the symbol (·) and they correspond to N = 2047, whereas the two outer thicker lines denote a continuum of points marked by the symbol (♦) and they correspond to N = 1023. The arrow in Figure 4b points in the direction of increasing N . Thus, the modes that cross over to Re(λ) > 0 for N = 511 in Figure 4a are spurious modes associated with the continuous spectrum; these stay in the left-half of the complex plane for a sufficiently large number of basis functions. Figure 4c shows the spectrum for N = 1023 and N = 2047 with a broader range in the x-axis (ranging from −15 to 0) compared to Figure 4b (ranging from −0.04 to 0). We observe many discrete modes that are grid-independent. The vertical black region near Re(λ) = 0 corresponds to the continuous spectrum, whose enlarged version is shown in Figure 4b .
Garg et al. [12] reported the existence of linear instability in plane Poiseuille flow for We = 250. In Figure 5 , we revisit this claim by examining the spectrum of plane Poiseuille flow of an Oldroyd-B fluid with We = 250, Re = 350, β = 0.92, and k x = 1. All panels in Figure 5 show the spectrum for this case, but at different locations. The y-axis for all panels ranges from −1 to 0, but the x-axis ranges from −3 to 1 in Figure 5a (broad view), from −0.02 to 0.02 in Figure 5b (near the continuous spectrum), and from −3 × 10 −3 to 3 × 10 −3 (near the Re(λ) = 0 axis) in Figure 5c .
We observe a number of grid-independent discrete modes in Figure 5a . The vertical black line near Re(λ) = 0 in Figure 5a identifies the continuous spectrum, Figure 5b zooms in on this continuous spectrum, and Figure 5c focuses on the vicinity of the imaginary axis. Apart from the continuous spectrum, there is one discrete mode as indicated by the dashed arrow close to Re(λ) ≈ 0 in Figures 5b and 5c . Among all discrete modes, this mode has the largest real part, and since it is situated in the left-half of the complex plane, all discrete modes are linearly stable.
The solid arrow in Figure 5c points to the continuous spectrum computed by increasing the number of basis functions. While computations in Figure 4b had two lines for the continuous spectrum corresponding to each value of N , for each value of N there is only one curve in Figure 5c . This difference could be attributed to choosing k x = 10 in Figure 4b and k x = 1 in Figure 5c . For the smallest value of N , some eigenvalues associated with the continuous spectrum cross over to the region where Re(λ) > 0. However, by increasing N these eigenvalues move into the stable region. We thus conclude that the unstable modes associated with the continuous spectrum for small values of N are spurious.
In summary, our results that use the well-conditioned spectral integration method contradict the claim made in [12] that the case examined in Figure 5 has a linearly unstable mode. Both the least-stable discrete mode and the continuous spectrum lie in the left-half of the complex plane, but to sufficiently resolve the spectrum of the linearized dynamical generator, we had to employ as many as 2048 basis functions.
In this section, we have examined spectra of plane Couette and Poiseuille flows using a well-conditioned spectral method. We find two branches of discrete spurious modes in plane Couette and Poiseuille flows of an UCM fluid (Figures 2 and 3) . These are absent in the Oldroyd-B fluid (Figures 4 and 5) . The Oldroyd-B fluid, however, has spurious modes associated with the continuous spectrum for small number of basis functions (Figure 5a ). Finally, contrary to the claims made in [12] , we demonstrated lack of linear instability in plane Poiseuille flow of an Oldroyd-B fluid ( Figure 5 ). Well-resolved results are obtained by employing a sufficiently large number of basis functions in a spectral integration method.
Viscoelastic pipe flow
In this section, we study the linear stability of viscoelastic pipe flow. For this flow, there is no analogy to Squire's theorem [41] and we need to consider the full 3D system. In [12] , linear instability was reported for k z = 1 and k θ = 0; thus, we only examine this wavenumber pair but conduct an extensive parametric study by logarithmically sampling We ∈ [ 10 −2 10 2 ] and Re ∈ [ 10 −2 10 3 ] and linearly sampling β ∈ [ 10 −1 1 ].
For We < 0.454, calculations were performed with N = 255 and 383; this was sufficient for good resolution. For all other cases, calculations were performed with N = 255, 383, and 575. The true discrete modes can be identified as those that are grid-independent with an increase in N . Spurious modes do not converge with an increase in N . The resolution of the continuous spectrum improves with an increase in N . We found that viscoelastic pipe flow is linearly stable for all the cases we considered.
We do not consider cases with We > 100 as these require an even larger number of basis functions, which is computationally demanding for 3D fluctuations. For the purpose The first column of panels shows eigenvalues near Re(λ) = 0, the second column of panels focuses on the continuous spectrum near Re(λ) = −1/(β We), and the third column of panels focuses on the continuous spectrum near Re(λ) = −1/We. The solid arrows mark a few convergent eigenvalues while the dashed arrows mark some spurious eigenvalues. 14 of analyzing the spectrum, we present results for β = 0.633, Re = 1000, and a range of We from 0.01 to 77.426. In Figure 6 , the first column of panels shows eigenvalues near Re(λ) = 0, the second column focuses on the continuous spectrum located near Re(λ) = −1/(βWe), and the third column focuses on the continuous spectrum near Re(λ) = −1/We. Note that the Oldroyd-B fluid has two continuous spectra [42] , one near Re(λ) = −1/(β We) and another near Re(λ) = −1/We. We now discuss Figure 6 columnwise and highlight similarities and differences that arise with increase in We.
In Figures 6a and 6d , the spectra near Re(λ) = 0 closely resemble that of a Newtonian fluid (see Figure 1a ), which is expected when We is sufficiently small. When We = 0.129 (Figure 6g) , the discrete modes near Re(λ) = 0 start to become dispersed and non-convergent; the dashed arrows mark two non-convergent eigenvalues. Finally, in Figure 6j , when We = 0.464, we see both convergent eigenvalues (two typical convergent modes are marked by solid arrows) and spurious modes (two typical spurious modes are marked by dashed arrows). By observing the first column of panels in Figure 6 going from top to bottom, we notice that non-convergent spurious modes become more prominent with an increase in We.
We now discuss the continuous spectrum near Re(λ) = −1/(βWe) (second column of panels in Figure 6 ) and the continuous spectrum near Re(λ) = −1/We (third column of panels in Figure 6 ). With an increase in We in the third column of panels in Figure 6 , the continuous spectra become more dispersed. This is expected, as for a fixed N , the spectral approximation to the continuous spectrum is better at lower fluid elasticities, i.e., at smaller values of We.
From the x-axes of the second and third columns of panels in Figure 6 , we observe that the continuous spectra near Re(λ) = −1/(βWe) move closer to the continuous spectra near Re(λ) = −1/We, e.g., observe that Figure 6b has a maximum in the x-axis of about −160, and that in Figure 6c the minimum in the x-axis is about −100. Thus, the separation between the two continuous spectra is about 60 units when We = 0.01. If we make a similar observation in Figures 6k and 6l , the maximum in the x-axis in Figure 6k is about −3.4, and the minimum in the x-axis in Figure 6l is about −2.17, which means that the separation between the two continuous spectra is about 1.2 units when We = 0.454. This indicates that the two continuous spectra approach each other with an increase in We.
In Figure 7 , we examine the same parameter values when We > 1. The first column of panels focuses on spurious modes that lie in the region Re(λ) > 0, the second column of panels zooms-in near Re(λ) = 0 for a broad view of the continuous spectra, and the third column of panels further zooms-in near Re(λ) = 0 for a closer view of the continuous spectra. The panels from top to bottom are arranged with increasing We.
The first row corresponds to We = 1.668. Notice that there are many quickly converging discrete modes (solid arrows mark a few representative ones), and there are two branches (marked by A and B) of spurious modes (dashed arrows mark a few representative ones) that spread radially outward in Figure 7a . The number of these spurious modes increase, and both their real and imaginary parts grow, with an increase in N . These spurious modes have characteristics similar to those observed in plane Couette (Figure 2 ) and Poiseuille (Figure 3) flows, which were discussed in § 5.
The two black vertical lines near Re(λ) = −1 in Figure 7a are the two continuous spectra located near Re(λ) = −1/We and Re(λ) = −1/(β We). This portion is zoomed-in in ures 7b and 7c. The grid-independent discrete modes (a few representative ones are marked by solid arrows) are more clearly visible near the continuous spectra in Figures 7b and 7c .
The second row in Figure 7 shows spectra for We = 5.995. We see that compared to We = 1.668, the number of discrete spurious modes in Figure 7d increases in number in branches A and B. There is a black vertical line near Re(λ) = 0 in Figure 7d ; a closer look (Figure 7e ) reveals that there are actually two lines that are very close to each other. These two lines correspond to the two continuous spectra near Re(λ) = −1/We and Re(λ) = −1/(β We). There are many true grid-independent discrete modes near the continuous spectrum seen in Figures 7e and 7f , and all of these are located in the stable region.
The third and fourth rows in Figure 7 consider cases with We = 21.544 and We = 77.426. Observe that the x-and y-axes achieve maxima of (x, y) = (2, 1) in Figure 7a , (x, y) = (4, 2) in Figure 7d , (x, y) = (8, 6) in Figure 7g , (x, y) = (15, 10) in Figure 7j . Thus, the spurious modes in branches A and B spread over a broader region in the complex plane with an increase in We.
Due to this increase in the range for x-and y-axis to accommodate all the spurious modes, (Figures 7a, 7d , 7g, and 7j) the vertical black lines corresponding to the continuous spectrum near Re(λ) = 0 become smaller and harder to visualize while moving from top to bottom in the first column of panels in Figure 7 . To clearly see the continuous spectrum, the region near it is enlarged in the second (Figures 7b, 7e, 7h, and 7k ) and third (Figures 7c, 7f, 7i , and 7l) column of panels. For all values of We considered in Figure 7 , a closer inspection near the continuous spectrum (in the second and third columns in Figure 7 ) reveals the existence of true discrete modes that are grid-independent (marked by solid arrows). All of these modes lie in the region where Re(λ) < 0 and are thus linearly stable.
Finally, we consider two cases of viscoelastic pipe flow reported by Garg et al. [12] to be linearly unstable. Contrary to their claim, our calculations show that viscoelastic pipe flow is linearly stable for these cases.
We first consider the case where We = 65, Re = 800, β = 0.65, and k z = 1. Figure 1 in [12] should be compared to Figure 8 , which shows the spectrum resulting from the use of the spectral integration method. The essential characteristics of the spectrum are the same as those presented in Figure 7 . In Figure 8a , we see two branches of discrete spurious modes that spread radially. This is similar to what is observed in Figure 7j . In Figure 8a , the dashed arrows mark cases that may be mistaken for converging modes, but they are actually spurious modes that increase in number with an increase in N . This can be seen more closely in Figure 8b .
Similar to Figure 7j , the region near Re(λ) = 0 in Figure 8a has two continuous spectra near Re(λ) = −1/We and Re(λ) = −1/(β We). The region near Re(λ) = 0 is enlarged in Figure 8b , where the two continuous spectra appear to be one vertical line. We notice a number of grid-independent discrete modes to the left of the continuous spectra (solid arrows mark a few representative ones), and the two branches of spurious modes to the right of the continuous spectra (dashed arrows mark a few representative ones) in Figure 8b .
Notice that the eigenvalues marked by the dashed arrows near the continuous spectra in Figure 8b (the diamond, N = 383, and the square, N = 255) nearly overlap. We therefore also perform calculations with N = 575 (marked by dots), and find that these are actually spurious modes. We zoom-in further in Figure 8c to clearly see the grid-independent eigenvalues near the vertical black line in Figure 8b (solid arrows mark a few representative ones). Figure 8d zooms-in on the vertical black region seen in Figure 8c . We observe two vertical black lobes in the vicinity of Re(λ) = −0.02 in Figure 8d . These are the two continuous spectra corresponding to Re(λ) = −1/(β We) = −0.0237 and Re(λ) = −1/We = −0.0154.
As the values of −1/(β We) and −1/We are very close, the discrete approximation of the two continuous spectra overlaps in Figure 8d . As indicated by the arrow, with an increase in N , the left continuous spectrum approaches Re(λ) = −1/(βWe). Although not shown in Figure 8d , we have verified that the right continuous spectrum approaches Re(λ) = −1/We with an increase in N .
The case considered in Figure 8 has two continuous spectra that are linearly stable, and many discrete eigenvalues that are grid-independent and all of which lie in the left-half of the complex plane. Thus, contrary to the claim made in [12] , our calculations show that this case (Figure 8 ) is linearly stable.
In Figure 9 , we consider a second case claimed by Garg et al. [12] to be linearly unstable. This case uses We = 60, Re = 1000, β = 0.5, and k z = 1. Figure 9 shows eigenvalues computed using spectral integration. Similar to the case in Figure 8a , we see in Figure 9a two branches of discrete spurious modes marked by A and B.
Dashed arrows in Figure 9a mark spurious modes that can be mistaken for converging modes, e.g., for the two dashed arrows near Re(λ) = 10, the diamond (N = 383) and dot (N = 575) appear to overlap. However, the diamond marked by the dashed arrow near Re(λ) = 10 is the eigenvalue with the largest real part when N = 383, whereas the eigenvalue with the largest real part when N = 575 is near Re(λ) = 15, implying that this is a grid-dependent spurious mode that spreads radially outward in the complex plane. Such eigenvalues in branches A and B have all the characteristics of spurious modes delineated in § 5; they do not converge, they increase in number, and they appear in branches. This is seen more clearly in Figure 9b .
In Figure 9b we see a vertical black line of eigenvalues near Re(λ) = 0. Similar to Figure 8b , both the continuous spectra are present on this vertical line (this becomes clear in Figures 9c and 9d) . We observe the radially spreading spurious modes (marked by A and B) more closely to the right of the vertical black line in Figure 9b . Solid arrows mark a few representative grid-independent eigenvalues. Similar to Figure 8b , the spurious modes diverge slowly near the continuous spectrum (as marked by the dashed arrows in Figure 9b ).
The vertical black line in Figure 9b is enlarged in Figure 9c . We see two black vertical lobes in Figure 9c , and this region is further enlarged in Figure 9d . These two lobes correspond to discrete approximations of the two continuous spectra located at Re(λ) = −1/(β We) = −0.033 (the left lobe) and Re(λ) = −1/We = −0.017 (the right lobe). As indicated by the arrow, the left lobe approaches Re(λ) = −1/(βWe) with an increase in N . Although not very clearly visible from Figure 9d , the right lobe approaches Re(λ) = −0.017 with an increase in N . The solid arrow near Re(λ) = −0.03 in Figure 9d marks the least stable, grid-independent discrete mode. This discrete mode is linearly stable.
Thus, since the two continuous spectra and the least stable discrete mode lie in the lefthalf of the complex plane, our calculations contradict the claim made in [12] that this case is linearly unstable.
In summary, we find that viscoelastic pipe flow is linearly stable for a wide range of fluid elasticities and polymer concentrations. However, there are many discrete spurious modes that can be categorized into branches that spread radially outward. Garg et al. [12] use two levels of finer discretization by employing 200 and 400 basis functions with the spectral collocation method. However, as we saw in Figure 9b (the two dashed arrows near Re(λ) = 0), a radially spreading spurious mode can be mistaken for a grid-independent mode near the continuous spectrum. We therefore employed up to 575 basis functions and found that these were spurious modes.
For eigenvalues that spread radially outward, a spectral method can easily mistake an eigenvalue computed twice, once with a coarse grid and another with a slightly finer grid to be a true convergent mode (notice that modes that spread radially appear to overlap near the continuous spectrum, as indicated by the dashed arrow near Re(λ) = 0 in Figures 8b  and 9b) . A radially diverging spurious mode diverges slowly from its center of origin with an increase in N (as marked by the dashed arrow near Re(λ) = 0 in Figures 8b and 9b ). We therefore use three levels of finer discretization with N = 255, 383, and 575 in the spectral integration method to unveil whether the observed modes are true grid-independent modes. Our results indicate that these modes are spurious.
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Our results invalidate the claim by Garg et al. [12] that viscoelastic pipe flow is linearly unstable. We employed a well-conditioned spectral integration method to conduct a modal stability analysis of viscoelastic pipe flow and found no evidence of linear instability over a broad range of fluid elasticities and polymer concentrations. We demonstrated that the numerical approximation to the spectrum produces many spurious modes that can be mistaken as evidence of linear instability. Confirming whether or not these modes are spurious requires a large number of basis functions. Since conventional spectral methods that utilize a large number of basis functions are ill-conditioned, we employed a recently developed wellconditioned spectral integration method to study the underlying linear stability problem.
We first reconsidered viscoelastic plane Poiseuille and Couette flows to ascertain the nature of the spurious modes. We showed that the discrete spurious modes (i) do not converge with a finer discretization; (ii) increase in number with a finer discretization; and (iii) appear in branches. In plane Couette flow, spurious modes increase in number and develop larger imaginary parts with a finer discretization, whereas in plane Poiseuille flow, the spurious modes increase in number and develop larger real parts. Viscoelastic pipe flow also has such spurious modes, and these modes increase in number and develop larger real and imaginary parts with a finer discretization, i.e., they spread radially outward from the continuous spectrum. The spurious modes near the continuous spectrum may appear to be true modes with an insufficiently fine discretization as they diverge slowly as discretization is refined.
Our results suggest that early turbulence observed in experiments [10, 13, 16, 17] is unlikely to be related to linear instability. Therefore, there is a need to consider alternative routes to early turbulence, such as nonmodal amplification of disturbances [18, 20, 21, 24, 25, 28] and stability to finite-amplitude disturbances [33] .
A Operators in A and B

A.1 2D viscoelastic channel flow
In 2D viscoelastic channel flow, A and B are 6 × 6 block matrix operators. The non-zero elements in A are given by 
A.2 3D viscoelastic pipe flow
In 3D viscoelastic pipe flow, A and B are 10 × 10 block matrix operators. The definitions of D and ∆ in cylindrical coordinates are given by D = d/dr and ∆ = 4r 2 D 2 + 2rD − k 2 z r − k 2 θ . Furthermore, by rescaling pressure with Re the non-zero components of the operator B are given by B 1,1 = B 2,2 = B 3,3 = r 2 , B 5,5 = B 7,7 = B 10,10 = 1, B 6,6 = B 8,8 = B 9,9 = r, and the non-zero elements in A are A 1,1 = A 2,2 = β Re (∆ − 1) − i k z r 2 W (r), A 1,2 = − β Re 2 i k θ , A 1,4 = −r 2 D, A 1,5 = 1−β Re (r 2 D + r) , A 1,6 = A 2,8 = A 3,9 = 1−β Re (i k θ r) , A 1,7 = A 2,9 = A 3,10 = 1−β Re i r 2 k z , A 1,8 = − 1−β Re r, A 2,1 = β Re 2 i k θ , A 2,4 = −i k θ r, A 2,6 = 1−β Re (r 2 D + 2 r) , A 3,1 = −r 2 W (r), A 3,3 = β Re ∆ − i k z r 2 W (r), A 3,4 = −i k z r 2 , A 3,7 = 1−β Re (r 2 D + r) , A 4,1 = rD + 1, A 4,2 = i k θ , A 4,3 = i k z r, A 9,2 = (r T rz (r)D − T rz (r)) + 1 We i k z r + i k z r T zz (r), A 9,3 = 1 We i k θ , A 9,6 = r W (r), A 10,1 = −T zz (r), A 10,3 = (2 T rz (r)D) + 1 We 2 i k z + 2 i k z T zz (r), A 10,7 = 2 W (r).
B Alleviating zero padding
Herein, we use the Matlab notation for parts of matrices or vectors. The boundary conditions have to be used to eliminate certain spectral coefficients or integration constants to alleviate spurious eigenvalues arising from zero padding in (3.10) . We generalize the procedure in [11, p. 142, Eqs. (2.24)-(2.27)] so that we have a unified approach that is applicable to Newtonian and viscoelastic channel and pipe flows. From the last row of the matrices in (3.10), we have
The number of rows in the matrix C in (B.1a) is determined by the number of boundary conditions, n, and the number of columns is determined by the number of unknowns, M > n, i.e., all the spectral coefficients and integration constants; see § 3. It may not always be possible to express the integration constants in terms of spectral coefficients, as the columns of C corresponding to the integration constants may not span the vector space C n (a simple example is given by the reaction-diffusion equation with Neumann boundary conditions; see Eq. (26b) in [27] ). However, if all boundary conditions are linearly independent, then C must have full rank n, and this implies that there are n columns in C that are linearly independent (i.e., that span C n ). These linearly independent columns may be any n of M columns in C. These n columns can correspond to spectral coefficients or integration constants (or some combination of them). If the columns of the matrix C are permuted so that the n linearly independent columns of C determine the first n columns of the permuted matrix C 1 , then C 1 (1 : n, 1 : n) is an invertible matrix that can be used to eliminate n unknowns in ψ. This procedure can be used to transform Eq. (3.10) into a form where the zeros are effectively removed. We do this by using a pivot matrix P corresponding to a column pivoted, rank-revealing QR-factorization, CP = QR = C 1 .
(B.1b)
The use of this QR factorization is two-fold: (i) Establishing that C is full rank to confirm linear independence of the boundary conditions (or yield an error if they are linearly dependent); and (ii) Obtaining the matrix C 1 whose first n columns are linearly independent if C is full rank. We thus use the following transformation on (B.1a),
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We can now express the first n unknowns in ψ 1 in terms of the remaining unknowns ψ 1 (1 : n) = −C 1 (1 : n, 1 : n) −1 C 1 (1 : n, n + 1 : end) 
